We study the representation theory of the Bershadsky-Polyakov algebra W k = W k (sl 3 , f θ ). In particular, Zhu algebra of W k is isomorphic to a certain quotient of the Smith algebra, after changing the Virasoro vector. We classify all modules in the category O for the Bershadsky-Polyakov algebra W k for k = −5/3, −9/4, −1, 0. In the case k = 0 we show that the Zhu algebra A(W k ) has 2-dimensional indecomposable modules.
Introduction
Bershadsky-Polyakov vertex algebra W k = W k (sl 3 , f θ ) is one of the simplest, but most important minimal affine W-algebras. This vertex algebra is not of Lie type and its representation theory is very interesting.
• In the physics literature, it appeared in the work of M. Bershadsky [18] and A. M. Polyakov [43] . • A vertex algebraic framework for studying minimal affine W-algebras was presented in the work of V. Kac and M. Wakimoto [35] and V. Kac, S. Roan, M. Wakimoto [36] . These papers also give a framework for studying the vertex algebra W k . • Rationality of W k for k = p/2 − 3, p ≥ 3, p odd was proved by T. Arakawa in [10] . This paper also contains many important new ideas for studying representation theory of W k , which we will use in our paper. A particular importance of Arakawa's approach is in application of the theory of Smith algebras from [44] . • Cosets of the Bershadsky-Polyakov algebra at half-integer levels were investigated in [11] . There are two different approaches for studying the representation theory of W k . The first approach uses the representation theory of the affine vertex algebra V k (sl(3)) and quantum Hamiltonian reduction [36] , [35] . This approach is very useful for constructing representations of W k . Moreover, using Arakawa-Moreau theory developed in papers [13, 14, 15, 16] one sees that for admissible levels k, W k (sl 3 , f θ ) is quasi-lisse, and it has finitely many irreducible modules in the category O. But this approach is not sufficient for classifying irreducible representations. Second approach uses explicit formulas for singular vectors in the universal vertex algebra W k , and projection of these singular vectors in Zhu's algebra for W k . Although there are some approaches to construct singular vectors in W k using sl(3)-singular vector [30] it is still unclear how one constructs W k -singular vectors in general. Fortunately, in some cases one can find explicit formulas for singular vectors using straightforward calculation. We find such singular vectors for k = −5/3, −9/4 and for k ∈ Z, k ≥ −1. Using these singular vectors we are able to classify irreducible, highest weight representations.
As in the case of affine vertex algebras, the classification of irreducible representations is naturally connected with Zhu's algebra theory. If we choose the standard Virasoro element (denoted by ω), the vertex algebra W k is 1 2 Z ≥0 -graded, and Zhu's algebra A ω (W k ) is isomorphic to certain quotient of the polynomial algebra C[x, y]. Let us illustrate this in the cases k = −5/3, −9/4. Table 1 . Singular vectors of conformal weight 4 and 3 in W k (sl 3 , f θ ).
Formula for the singular vector in W k (sl 3 
But it turns out that in order to classify irreducible, highest weight representations, it is not enough to know the projection of singular vector in C[x, y].
We apply a different approach, which was used for different levels in [10] . We use a new Virasoro vector ω = ω + 1 2 DJ, and then vertex algebras W k and W k become Z ≥0 -graded with respect to L(0) = ω 1 . Then Zhu's algebras are not longer commutative, and it carries more information on the representation theory. Zhu algebra for W k is realized as a quotient of the Smith algebra from [44] . Let g(x, y) ∈ C[x, y] be an arbitrary polynomial. Associative algebra R(g) of Smith type is generated by {E, F, X, Y } such that Y is a central element and the following relations hold: XE − EX = E, XF − F X = −F, EF − F E = g(X, Y ). Table 2 . Singular vectors of conformal weight 4 and 3 in W k (sl 3 , f θ ) with a new Virasoro field L(z) := T (z) + 1 2 DJ(z).
W k has exactly 9 irreducible, highest weight modules (cf. Proposition 5.5, Theorem 5.10). Of these 9 modules, 6 have finite-dimensional weight spaces for L(0), while others have infinite-dimensional weight spaces.
In the case k = −9/4, W k is an important example of a logarithmic vertex algebra. We prove that W k has exactly 6 irreducible, highest weight modules (cf. Proposition 6.4), of which 3 have have finite-dimensional weight spaces for L(0).
Bershadsky-Polyakov vertex algebra W k is a part of a series of vertex algebras which can be realized using vertex algebras from logarithmic conformal field theory, the so-called B p -algebras. In particular, for k = −9/4 it holds that W k ∼ = B 4 . We construct an uncountable family of weight modules for W k outside of category O (cf. Theorem 7.2).
We construct a family of singular vectors in W k which generalizes Arakawa's formulas for singular vectors for k = p/2 − 3, p ≥ 3, p odd (cf. [10] ). Namely, vectors
For k = −1 and k = 0 we classify all modules in the category O. In the case k = 0, we give an explicit realization of the vertex algebra W k and its modules as certain irrational subalgebras of lattice VOAs. We prove (cf. Theorem 8.6):
(1) The vertex algebra W 0 has two families of irreducible highest weight modules
(2) There exists a Z ≥0 -graded W 0 -module M such that M top is a 2-dimensional indecomposable module for the Smith algebra R(g).
Representation theory of the Bershadsky-Polyakov vertex algebra W k when k ∈ Z ≥1 is much more difficult, and it will be studied in our forthcoming papers.
Setup.
• The universal Bershadsky-Polyakov algebra of level k will be denoted with
• Modes of fields with respect to Virasoro vector ω: J n , L n , G ± n . • L x,y denotes the irreducible highest weight representation with highest weight (x, y) with respect to (J 0 , L 0 ) and highest weight vector v x,y . • L *
x,y denotes the module contragredient to L x,y with respect to the Virasoro algebra generated by L n , n ∈ Z • Modes of fields with respect to Virasoro vector ω = ω + 1 2 DJ:
• L(x, y) denotes the irreducible highest weight representation with highest weight (x, y) with respect to (J(0), L(0)) and highest weight vector v(x, y). • We have L(x, y) = L x,y+x/2 . • The Zhu algebra associated to the vertex operator algebra V with the Virasoro vector ω will be denoted with A ω (V ). • The Smith algebra corresponding to the polynomial g(x, y) ∈ C[x, y] is denoted with R(g). We will call M * the V -module contragredient to M . Let V be a VOA and M a V -module. In [26] it was proved that the double contragredient module (M * ) * is isomorphic to M , and hence M is irreducible if and only if M * is irreducible (cf. [26] , Proposition 5.3.2.) If V is a Q-graded VOA, the following relation holds (cf. [40] , Remark 2.5.):
where τ = e 2πiL(0) is an automorphism of V .
Recall that the automorphism group Aut(V ) acts on the set of irreducible modules by M → M • g, for g ∈ Aut(V ) (cf. [21] ).
Since by (2.1), the double contragredient module (M * ) * is isomorphic to the module M • τ , we conclude that (M * ) * is irreducible if and only if M is irreducible. This implies that M * is irreducible if and only if M is irreducible.
for homogenuous a, b.
Let O(V ) ⊂ V be the linear span of the elements a • b. The quotient space
is an associative algebra called the Zhu algebra of the VOA V .
In the case V 1 = {0}, we get the usual definition of Zhu's algebra for vertex operator algebras [45] .
For homogenuous a, b ∈ V , the following formula holds ( [45] , Lemma 2.1.3.):
2.4.
The Weyl vertex algebra. The Weyl vertex algebra W is the universal vertex algebra generated by the even fields a + and a − and the following non-trivial λ-bracket:
[a + λ a − ] = 1. The vertex algebra W has the structure of the irreducible level one module for the Lie algebra with generators {K, a ± n | n ∈ Z} and commutation relations:
where K is central element. The fields a ± acts on W as the following Laurent series a ± (z) = n∈Z a ± n z −n−1 .
2.5. Clifford vertex algebra. Clifford vertex algebra F is the universal vertex algebra generated by the odd fields Ψ + and Ψ − , and the following λ-brackets:
The vertex algebra F has the structure of an irreducible module for the Clifford algebra Cl(A) associated to the vector superspace A = CΨ + ⊕ CΨ − with generators Ψ ± (r), r ∈ 1 2 + Z and commutation relations
As a vector space,
Let α =: Ψ + Ψ − :. The field α(z) generates a Heisenberg vertex subalgebra of F , which we denote with M (1). Vertex algebras M (1) and F have the following Virasoro vector of central charge c = 1:
so that Ψ ± are primary fields of conformal weight 1/2. If we choose the Virasoro vector ω c=−2 = 1 2 (: αα : +Dα) of conformal weight c = −2, then Ψ + and Ψ − are primary fields of conformal weights 0 and 1 respectively.
2.6. Symplectic fermions. Symplectic fermions A(1) are the universal vertex algebra generated by the odd fields b and c, and the following λ-brackets:
The vertex algebra A(1) has the structure of an irreducible module for the Lie superalgebra with generators b(n), c(n), n ∈ Z and commutation relations
All other super-commutators are equal to 0. As a vector space,
A(1) has the following Virasoro vector of central charge c = −2:
There is a conformal embedding of A(1) into F such that
is the minimal affine W-algebra associated to the minimal nilpotent element f θ . The algebra W k is generated by four fields T, J, G + , G − , of conformal weights 2, 1, 3 2 , 3 2 and is a 1 2 Zgraded VOA.
Definition 3.1. Universal Bershadsky-Polyakov vertex algebra W k is the vertex algebra generated by fields T, J, G + , G − , which satisfy the following relations:
Vertex algebra W k is called the universal Bershadsky-Polyakov vertex algebra of level k. For k = −3 , W k has a unique simple quotient which is denoted by W k . Let
The following commutation relations hold:
By applying results from [35] we see that for every (x, y) ∈ C 2 there exists an irreducible representation L x,y of W k generated by a highest weight vector v x,y such that J 0 v x,y = xv x,y , J n v x,y = 0 for n > 0,
Let A ω (V ) be the Zhu algebra associated to the VOA V with the Virasoro vector ω, and let [v] be the image of v ∈ V under the mapping V → A ω (V ).
For the Zhu algebra A ω (W k ) it holds that:
Proof. Since the fields G + , G − , J, T are strong generators for W k , the Zhu algebra
As [T ] is in the center of A ω (W k ), we conclude that A ω (W k ) is a commutative algebra and hence there is a homomorphism from the symmetric algebra in two variables into A ω (W k ).
Remark 3.3. It can be shown that the homomorphism
Let L *
x,y denote the module contragredient to L x,y with respect to the Virasoro algebra generated by L n , n ∈ Z (cf. Section 2). The following lemma illustrates the symmetry property of contragredient modules.
Smith algebra and Zhu's algebra
The class of associative algebras R(f ) parametrized by an arbitrary polynomial
were introduced by S. P. Smith in [44] .
These algebras were used by T. Arakawa in the paper [10] to prove rationality of W k (sl 3 , f θ ) for k = p/2 − 3, p ≥ 3, p odd. In this section we recall some results from this paper which we will use to classify W k -modules, and prove that the Zhu algebra associated to W k is a quotient of the Smith algebra. First we expand the original definition of Smith algebras R(f ) by adding a central element. 
Then
This defines a Z ≥0 -gradation on W k .
[ω] are the generators of the Zhu algebra A ω (W k ). Using formula (2.2), we have:
As the generators E, F, X, Y satisfy the defining relations for the Smith algebra, we conclude that there is a homomorphism from the Smith algebra R(g) into the Zhu algebra A ω (W k ).
Modules for the Zhu algebras
A ω (W k ) and A ω (W k ). In the previous sections we showed that the Zhu algebra A ω (W k ) is isomorphic to the algebra of polynomials in two variables C[x, y], while the Zhu algebra A ω (W k ) (corresponding to the Bershadsky-Polyakov algebra with a shifted Virasoro vector ω) is a quotient of the Smith algebra R(g) for a certain polynomial g.
Now we investigate the relationship between modules for these two Zhu algebras.
Consider the irreducible highest weight module L(x, y) for W k , generated by a highest weight vector v(x, y) := v x,y with highest weight (x, y + x/2) ∈ C 2 . For n ≥ 0 we have:
Clearly we have:
We get: 
Proof. The proof follows using the symmetry property of contragredient modules (Lemma 3.4):
Define:
and define polynomials h i (x, y), for i ∈ N (cf. [10] ) as
The following properties were proven in [10] :
. Let L(x, y) top and h i (x, y), for i ∈ N be as above. Then:
The operator ∆(h, z) associates to every V -module M a new structure of an irreducible V -module. Let us denote this new module (obtained using the mapping a n → ψ(a n )) with ψ(M ). As the ∆-operator acts bijectively on the set of irreducible modules, there exists an inverse ψ −1 (M ).
From the definition of ∆(−J, z) we have that
is a highest weight vector for ψ(L(x, y)), with highest weight
Specifically, it holds that
Classification of irreducible modules for k = −5/3
In this section we classify irreducible W k -modules for k = −5/3. Here we rely on results from Section 4, which connected the Zhu algebra associated to the Bershadsky-Polyakov algebra W k to the Smith algebra R(g). Another important ingredient in the classification is the singular vector of conformal weight 4 in W k , and properties of its projection in the Zhu algebra. 5.1. Singular vector and relations in Zhu's algebra. First we calculate an explicit formula for singular vector of conformal weight 4 and its projection in the Zhu algebra A ω (W k ).
3 contains a unique (up to scalar factor) singular vector of conformal weight 4, and it is given by
Proof of this lemma is obtained by direct calculation and is therefore omitted.
Let Ω 4 be the singular vector of conformal weight 4 in W k and let
y.
Now we choose a new Virasoro field
so that the corresponding Zhu algebra A ω (W k ) is a quotient of the Smith algebra
From Proposition 5.2 we obtain the following criterion:
The following relation (derived from the formula for the singular vector Ω 4 , see Appendix B) is essential in the classification of irreducible W k -modules.
Proposition 5.4. In the Zhu algebra A ω (W k ) it holds that
Zhu theory it follows that M (0) is a module for the Zhu algebra A ω (W k ), and that
Let v(x, y) be a highest weight vector with highest weight (x, y) for M (0). Assume that M (0) is finite dimensional. From the above relation it follows that we have two cases: either (G + (0)) 2 acts trivially on M (0), or y = −1/9.
Assume first that G + (0)v(x, y) = 0. Then it holds thatx = x+ 1 9 ,ŷ = y−x− 1 9 . Notice that y = − Id on M (0).
As above, a necessary condition for L(x, y) to be an irreducible W k -module is that (x, y) is a zero of the equation
By solving this equation, we get x ∈ { 1 9 , 4 9 , 7 9 , − 1 18 }. If L(−1/18, −1/9) is a W k -module, then by Lemma 4.4 so is L(1/18, −1/6). This proves that (x, y) ∈ S k ∪ S k , so assertion (1) holds. From the first part of the proof we have that L(x, y) top is finite-dimensional for (x, y) ∈ S k . Assume that dim L(x, y) top = i for certain i ∈ Z >0 and (x, y) ∈ S k . By direct calculation we have h i (1/9, −1/9) = 2/9 + i − i 2 = 0, h i (4/9, −1/9) = 1/9 − i 2 = 0, h i (7/9, −1/9) = −(2/9) − i − i 2 = 0.
A contradiction. Therefore, L(x, y) top is infinite-dimensional for (x, y) ∈ S k . This proves assertion (2).
5.2.
Embedding of W k into the Weyl vertex algebra. It remains to prove that modules from Proposition 5.5 are indeed W k -modules. For that purpose, we will show first that the vertex algebra W k can be embedded into the Weyl vertex algebra.
Proposition 5.6. Let
where {a ± n : n ∈ Z} are generators of the Weyl vertex algebra W . The vertex subalgebra W k of the Weyl vertex algebra W generated by vectors J, ω, G ± is isomorphic to a certain quotient of W k .
Sketch of proof. We claim that the above choice of generators defines a nontrivial homomorphism of vertex algebras Θ : W k → W . This follows from the following lemma:
Lemma 5.7. For J, ω, G + , G − as above it holds that
and the fact that
Proof of Lemma 5.7 is technical and is given in the Appendix.
In the next proposition we will show that W k is in fact isomorphic to the simple quotient W k .
Let g = e 2πi 3 J0 . Then g is an automorphism of W of order 3 and it holds that
3 j v}, j = 0, 1, 2. Hence W (0) is a simple vertex algebra, and W (±1) are irreducible W (0) -modules.
Lemma 5.8. Let Ω 4 the singular vector of conformal weight 4 in W k . We have:
Similarly we see that dim W k 4,0 = 13. We conclude that there is a nontrivial relationship between the generators of W k and hence Ker Θ = 0.
Since the singular vector Ω 4 of conformal weight 4 is unique (cf. Lemma 5.1), it must hold that Ω 4 ∈ Ker Θ. Proposition 5.9. Let W be the Weyl vertex algebra, g as above. Then it holds that:
(
Proof. First notice that a ± ∈ W (±1) are highest weight vectors, with highest weights ( 1 3 , 1 3 ), (− 1 3 , 2 3 ). If we show that W k = W k = W 0 , then it will follow that W (±1) are irreducible W k -modules of highest weight ( 1 3 , 1 3 ), (− 1 3 , 2 3 ). Let us prove (1) . Assume that W k = W (0) . Then W (0) is a module for W k . W (0) contains an irreducible W k -subquotient L(x, y) of highest weight (x, y), where x = m ∈ Z, and y = n 2 ∈ 1 2 Z. From Proposition 5.5 we know that if L(x, y) is an irreducible W k -module with finite dimensional weight subspaces for L(0), then (x, y) ∈ S k . But since potential highest weights also need to be of the form (x, y) = (m, n 2 ), for m, n ∈ Z, we conclude that (m, n) = (0, 0) is the only such weight. Since W k = W (0) , W k is simple, hence W k = W k . This completes the proof of the claim. Proof. We have proved in Proposition 5.5 that if L(x, y) is a W k -module, then (x, y) ∈ S k ∪ S k . So it remains to see that modules parametrized by S k ∪ S k are indeed W k -modules.
From Proposition 5.9 it follows that the Weyl vertex algebra W is a direct sum of three irreducible W k -modules, with the following highest weights:
• W (0) has a highest weight vector ½, with the highest weight (0, 0)
• W (1) has a highest weight vector a + −1 ½, with the highest weight (1/3, 1/3)
• W (−1) has a highest weight vector a − −1 ½, with the highest weight (−1/3, 2/3).
Hence L(0, 0), L(1/3, 1/3) and L(−1/3, 2/3) are irreducible W k -modules. Claim now follows from the formulas Ψ −1 (L(0, 0)) = L(− 1 9
, 0),
,
), and the fact that for every irreducible W k -module M , Ψ(M ) and Ψ −1 (M ) are again irreducible W k -modules.
Remark 5.11. Note that the Weyl vertex algebra is non-rational and it contains infinitely many weight-modules (cf. [8] ) and modules of Whittaker type (cf. [7] ).
Since W k is an orbifold of the Weyl vertex algebras, Whittaker and weight modules are also W k -modules. Moreover, the Weyl vertex algebra also contains logarithmic modules (cf. [19] , [38] ), which by restriction, gives logarithmic W k -modules.
6. Classification of irreducible modules for k = −9/4
In this section we classify irreducible W k -modules for k = −9/4, using methods that are analogous to the ones used in the previous section to classify W kmodules for k = −5/3. Realization of these modules relies on a construction of the Bershadsky-Polyakov algebra W k as a part of the series of B p -algebras (see Section 7). 6.1. Singular vector Ω 3 and the relation in the Zhu algebra. As in the previous section, the starting point in the classification of irreducible W k -modules is the formula for the singular vector Ω 3 of conformal weight 3, which is obtained by direct calculation. Lemma 6.1. Vertex algebra W k for k = − 9 4 contains a unique (up to scalar factor) singular vector of conformal weight 3, and it is given by 
).
Let ω = ω + 1 2 DJ be the new Virasoro vector. Similarly to the case k = −5/3, we derive the following key relation in A ω (W k ) from the formula for the singular vector Ω 3 . Proposition 6.3. In the Zhu algebra A ω (W k ) it holds that
Proof of relation (6.1) is completely analogous to the case k = −5/3 (see Appendix B). 
Proof. Let us first prove (i). Here we will use the fact that if M is an irreducible W k -module, then Ψ(M ) and Ψ −1 (M ) are again W k -modules.
Since W k = L(0, 0), we have that L(0, 0) is a W k -module. Furthermore, as it holds that Ψ(L(−1/2, 0)) = L(0, 0), L(−1/2, 0) = Ψ −1 (L(0, 0) ) is a module for the vertex algebra W k . Bershadsky-Polyakov vertex algebra W k is a part of a series of vertex algebras which can be realized using vertex algebras from logarithmic conformal field theory, the so-called B p -algebras. For p = 3, vertex algebra B 3 is realized in the paper by D. Adamović [3] as the affine vertex algebra associated to sl 2 at level −4/3. B palgebras for p ≥ 4 are defined in the paper by T. Creutzig, D. Ridout and S. Wood [20] , where they conjectured that those algebras can be realized using quantum hamiltonian reduction. This statement hasn't been proven in full generality, but in the case p = 4 it turns out that B 4 coincides with the Bershadsky-Polyakov algebra W k at level k = −9/4. In this section we shall recall the definition of B p in the case p = 4, and present an alternative proof of simplicity which uses the representation theory of W k for k = −9/4. We start by describing the construction of the doublet vertex algebra A(4), which is a special case of the series of vertex algebras A(p) from the paper of D. Adamović and A. Milas [5] .
Let L be an even lattice such that
Let A(4) be the vertex algebra generated by
where Q = e 2γ 0 is a screening operator. We shall need the following formulas
Then the vertex algebra B 4 (cf. [20] ) is defined as a subalgebra of A(4) ⊗ V Zδ ⊂ V L , generated by
Direct computation shows that
Proposition 7.1. For k = −9/4 it holds that
Proof. The above computation shows that G ± = τ ± , j, ω generate a subalgebra of A(4) ⊗ V Zδ isomorphic to a certain quotient of the universal Bershadsky-Polyakov algebra W k . Hence B 4 is a certain quotient of W k .
In the realization, we have
which implies that the singular vector Ω 3 (cf. Lemma 6.1) vanishes in the realization, i.e., Ω 3 = 0 in Let D = Z(γ + δ). Then W k is realized as a subalgebra of
Specifically, for every s ∈ Z and r ∈ C it holds that M s (r) := Π(0).e sδ+r(γ+δ)
is an irreducible Π(0)-module (cf. [17] , [41] ). It holds that L(n)e sδ+r(γ+δ) = 0 (n ≥ 1) In this way we have constructed an infinite series of Z ≥0 -graded W k -modules with lowest conformal weight − 1 2 . Theorem 7.2.
(1) For every r ∈ C, M −1 (r) is a Z ≥0 -graded W k -module with lowest conformal weight −1/2:
(2) Assume that 4r / ∈ Z for some r ∈ C. Then: (i) M −1 (r)(0) is an irreducible module for the Smith algebra R(g), for
Proof. (1) First notice that e −δ+r(γ+δ) is a vector with (J(0), L(0))-weight (x, y) = (r − 1, −1/2).
It holds that
From the relation = 0 holds for every m ∈ Z, which is satisfied if 4r / ∈ Z. This concludes the proof of (i).
Let us prove (ii). Assume that As a consequence, we can construct 3 irreducible W k -modules in the category O:
Proof. For r = 0, 1, 2 it holds that In this section we study irreducible highest weight modules for the Bershadsky-Polyakov algebra W k at integer levels k, k ≥ −1. We generalize a construction of a family of singular vectors from the paper [10] and prove a necessary condition for highest weights of W k -modules, while finding a realization for these as W kmodules remains an open question. In this paper we obtain a classification for levels k = −1, 0 using results from papers by D. Adamović, V. G. Kac, P. Möseneder-Frajria, P. Papi, O. Perše [6] ; and T. Arakawa, T. Creutzig, K. Kawasetsu, A. Linshaw [12] . 8.1. Singular vectors and a necessary condition for W k -modules. First we generalize a construction of a family of singular vectors by T. Arakawa in [10] , where he found a similar formula for singular vectors in W k at levels k = p/2 − 3, p ≥ 3, p odd.
Proof. Observe that
To prove that G − (−2) k+2 ½ is a singular vector in W k , we need to show that G + (1)G − (−2) n ½ = G + (2)G − (−2) n ½ = 0 for n = k + 2. We claim that
We will prove this by induction. Assume that
It holds that
Next, we claim that
Assume that
We have
Similarly, to show that (G + (−1)) k+2 ½ is a singular vector in W k , we need to show that G + (1)G − (−2) n ½ = 0 for n = k + 2. We claim that
Again we proceed by induction. Assume that
Define the set S k = (x, y) ∈ C 2 |h i (x, y) = 0, 1 ≤ i ≤ k + 2 . Proof. Let L(x, y) be an irreducible W k -module with a highest weight vector v(x, y). Since (G + (−1)) k+2 ½ = 0 in W k , it follows that G + (z) k+2 v(x, y) = 0. Hence on the top level L(x, y) top the following relation holds:
(G + (0)) k+2 v x,y = 0. It follows that the space L(x, y) top is i-dimensional for certain 1 ≤ i ≤ k + 2. So L(x, y) is an ordinary module and from Proposition 4.5 we get that h i (x, y) = 0, for certain 1 ≤ i ≤ k + 2. In this way we have shown that the set of equivalency classes of irreducible W k -modules is contained in the set In what follows, we will prove this conjecture for k = −1, 0. 8.2. The vertex algebra W −1 . In [6] it was shown that the Bershadsky-Polyakov algebra W k for k = −1 is isomorphic to the Heisenberg vertex algebra M (1). We will use this fact to prove the following:
Proof. For k = −1 the generators G ± of W k belong to the maximal ideal, hence G ± = 0 in the simple quotient W k and W −1 ∼ = M (1).
Also, for k = −1 there is a conformal embedding of the Heisenberg vertex algebra into W k (cf. [6] ). The (original) Virasoro vector is given by ω = 3 2 : J 2 :, and the shifted Virasoro is
Since all irreducible modules for the Heisenberg vertex algebra M (1) are of the form M (1, x) for some x ∈ C, where J(0) acts on M (1, x) as xId, then L(0) acts on the highest weight vector of M (1, x) as
This shows that the highest weights of irreducible W −1 = M (1)-modules coincide with the zeroes of the polynomial h 1 (x, y) = −3x 2 + (2k + 3)x + (k + 3)y for k = −1. Let F be the Clifford vertex algebra generated by odd fields Ψ + and Ψ − and let M (1) be the Heisenberg vertex subalgebra of F generated by α :=: Ψ + Ψ − :. Vertex algebras M (1) and F have a Virasoro vector ω F = 1 2 : αα : of central charge c = 1.
We will need the following result from [12] :
There exists a non-trivial homomorphism of vertex algebras
be the lattice vertex algebra associated with the lattice L = Zα 1 + Zα 2 , where α i , α j = δ i,j , i, j = 1, 2. We consider the subalgebra
For every x ∈ C, i = 0, 1,
Theorem 8.6.
(1) The simple vertex algebra W 0 can be realized as a vertex subalgebra of V [D] generated by vectors
(2) W 0 has two families of irreducible highest weight modules
which are realized as quotients of
Morreover, we have:
Proof. The Clifford vertex algebra F can be embedded into the vertex algebra V L so that Ψ + = e α2 , Ψ − = e −α2 , ω F = 1 2 α 2 (−1) 2 .
Symplectic fermions A(1) are also a subalgebra of V L such that b = e α1 , c = −α 1 (−1)e −α1 , ω A(1) = 1 2 (α 1 (−1) 2 − α 1 (−2)).
Using the fermionic realization from Theorem 8.5 we can now obtain an explicit bosonic realization of W 0 . Denote α 1 + α 2 = γ, −α 1 − α 2 = δ.
Then γ, δ = −2 and from direct calculations we get This concludes the proof of (1).
Using the formula (8.1) (α 1 (−1)e −α1−α2 ) n = ∞ i=0 (α 1 (−i − 1)e −α1−α2 n+i + e −α1−α2 n−i−1 α 1 (i))
we obtain for n ≥ 0, (i = 0, 1): = (x 2 + (i − 1)x)δ n,0 e −iα1−x(α1−α2) .
This implies that e −iα1−x(α1−α2) , i = 0, 1 are highest weight vectors for W 0 and that the highest weight is (x, x 2 + (i − 1)x). Next, we claim that From the formula (8.2), and the fact that h 2 (x, y) = 0, we see that U 1 (x) top is an indecomposable 2-dimensional A(W 0 )-module when x = 0.
Hence W 0 has two families of highest weight modules U i (x) with highest weights (x, x 2 +(i−1)x), i = 0, 1. In particular, their irreducible quotients L(x, x 2 +(i−1)x) are also modules for W 0 . 3 ½. Then it holds that:
The coefficients c k are given by c k+1 = ∞ l=−∞ a + l a + k−l (since (−l − 1) + (−k + l − 1) = − (k + 1) − 1).
If we apply this to the formula
we obtain the following expression for G + n : ½.
• G + 1 G − From ( * ) it follows that the only nonzero elements in the product G + 1 G − are obtained for m ≥ 0, m ≤ 1 + l ≤ 1 ⇒ m = 1 and l = 0, m = 0 and l = 0, m = 0 and l = −1. Since a + Let Ω 4 be the singular vector of conformal weight 4 in W k for k = −5/3 (cf. Lemma 5.1). Using the formula for Ω 4 , we outline the computations needed to
